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Abstract. In extending the work done by Wigner in a 1963 paper, we introduce the Poincaré
group representations of functions defined on the space of compiex spinors. We give a
geometrical interpretation of the spinor space for both the massive and massless cases. In
the massive case we get a six-dimensional manifold, with three compact dimensions. In
the massless case we get a four-dimensional manifold, with one compact dimension.

1. Introduction

In 1939 Wigner found the elementary building blocks of any quantum mechanics
consistent with the Poincaré group (inhomogeneous, proper orthochronous Lorentz
group) [1]. These building blocks are the irreducible unitary representations of the
covering group of this group, which are related to elementary particles. The usual
description of elementary particles is in terms of vector fields or spinor fields [2]. The
connection between such fields and the irreducible representations was studied by
several authors for particular cases [3]. This connection is not one to one; in particular,
non-scalar tachyons and mass-zero particles of infinite spin ((0, £) irreducible rep-
resentations, see below) cannot be described by tensor fields or spinor fields in
Minkowski space [3, 4].

In 1963 Wigner wrote a paper on the connection between the irreducible representa-
tions and wavefunctions describing the elementary particles [5]. His discussion was
limited to particles of integer spin, but it applied to massive particles, mass-zero
particles [6] and particles of imaginary mass (tachyons). The description was in terms
of complex-valued functions of two translationally invariant 4-vectors p (linear momen-
tum) and g. These vectors are subject to the invariant constraints: p°, ¢* and p- q
fixed. Among the nice features of this approach to the integer spin representations of
the Lorentz group is the intuitive geometrical interpretation that one can give to the
action of the group itself on these representations in terms of the manifold described
by p and q.
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In the massive case the action of the group is represented geometrically by the
five-dimensional manifold H x S* where H is the mass hyperboloid and the Lorentz
group acts on the momentum variable p. The action of the little group on the variable
q determines the spin of the representation, this motion being on the 2-sphere (we
explain this further in the following).

In the massless case the mass hyperboloid is replaced by the light cone and the
2-sphere by a cylinder, with axis along p. Unitarity forces us to gauge out the translations
along the surface of the cylinder, so that the manifold on which the Hilbert space is
defined is actually the light cone with a circle at each point. We have a four-dimensional
manifold.

In the present paper we extend Wigner’s 1963 paper to half-integer spin. A
straightforward extrapolation would lead one to expect complex-valued wavefunctions
depending on a 4-vector p and on a spinor. We find, however, that the optimal
description involves functions of two complex 2-spinors.

In the massive and imaginary mass case we consider functions f(1, ¢ 7, £) of two
complex 2-spinors (and their complex conjugates). In the massless case we consider
functions f(7, 7) of just one spinor. A geometrical interpretation of the spinor space
is given for both the massive and massless case and it is compared to the geometrical
interpetation of the integer spin representations given by Wigner. We find that the
massive case only requires a higher-dimensional space: a six-dimensional manifold.
The approach through the spinor space is very natural and quite simple in the massless
case.

In reviewing the integer spin massive case, we have slightly modified one of the
constraints used by Wigner in a way that facilitates the calculations without losing
contact with Wigner’s theory. An analogous constraint can be used in the half-integer
spin massive case, yielding an invariant differential equation for the half-integer spin
particles.

The paper is organised as follows. In § 2 we introduce our spinor notation. In § 3
we consider the massive case. We first review Wigner’s theory for the integer spin
representations in terms of functions of p and g. Making the modifications just cited
then enables us to easily derive the carrier spaces of the irreducible representations of
the Poincaré group. We then consider in § 3.2 the half-integer representations on the
functions on spinor space. In § 4 we consider the massless case. Here also we review
Wigner’s construction and then include the half-integer spin representations. In § 5
we discuss the case of imaginary mass. Finally in § 6 we give our conclusions.

2. Notation

Let n*, for A=1,2, be a two-component spinor [3, 7]; namely, for Ae SL(2, C):
n*>n'"=A%n" (2.1)
The complex conjugate of n* is 1‘7/‘, which transforms as
34>t = A% 7", (22)

We raise and lower indices using the 2x 2 antisymmetric matrix e:

. 0 1
EAB=€AB=EAB=€AB=<_1 0) (2.3)
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and adopt the following conventions:

n* = nge 7%= fige 54 (2.4)

77A=5ABWB 7-7A=€AB'F]B- (2.5)
Note that

AleA=¢ (2.6)

from which it follows that, if 7 transforms according to A, ﬁA transforms according
- -t —

to A, nato A" and 74 to AT
Furthermore we have that

(n- &)= 'OAfA = AABA—chﬂafc (2.7

is a Lorentz scalar.
Let us define the quantity

fioE=7"¢"04p (2.8)
where o stands for the vectorial notation of the Pauli matrices o,, u =0, 1, 2,3 with
indices (0,) ia.

We have that fo¢ transforms as a 4-vector under the Lorentz group. Moreover,
using the identity

(UM)AB(U#)CD=2€AC88D (2.9)
we obtain the Fierz transformation:
noé- doy=2(a- 7)(¢-v). (2.10)

By abuse of notation, the dot product in (2.10) is between 4-vectors on the left-hand
side, with metric g,, and between spinors on the right-hand side, with metric £45 or
e4p. In fact, one can always write a 4-vector index as a pair of spinorial indices, one
dotted and one undotted, and find [7] the following correspondences:

g‘.w(_)EABgAB (2'11)
1 e — e
Eupanyns © 41(£A|A48A2A3£AxA38A2A4 €A1A3£A2A4€A1A48A2A3)' (212)

Throughout the paper we shall denote 4-vectors by use of italic letters and 3-vectors
by use of boldface letters.

3. Massive case
3.1. Integer spin

We briefly review the technique used by Wigner to describe the integer spin representa-
tions of the Lorentz group.

The carrier space is the space of complex-valued functions f(p, q) depending on
the momentum p and on another translationally invariant 4-vector g, satisfying the
following constraints:

(p*-m*)f(p,q)=0 (3.1)
p-4f(p,q)=0 (3.2)
’f(p, 9)=—f(p, 9). (3.3)
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We find it more convenient, instead of (3.3'), to use the following equation:

8 & 1 s\’
[—'—“"E(P'£> ]f(p,q)—O (3.3)

as we shall now justify.

Equation (3.3) means that in the rest frame of p, where p=(m,0,0,0), f(p, q)
satisfies the Laplace equation Af(p, g) =0. Instead of functions on the sphere 7’ =+1
in the rest frame [5], we have here solutions of Laplace’s equation. If we put in the
extra condition that we wish the solution to Laplace’s equation to be regular at the
origin ¢ =0, then there is a one-to-one mapping between the solution to Laplace’s
equation and the spherical functions. This shows that the two constrains (3.3) and
(3.3) are interchangeable. We adopt (3.3) since it simplifies the solution of the
eigenvalue problem for W (see below).

The Lorentz group acts on the space of such functions by transforming, in the
usual way, the two 4-vectors p and ¢. The invariant inner product (f, g) is given by

(f8)= J d*pd'q8(p*-mAé(p- 9)8(¢°+1) flp, Pa(p. q). (3.4)
In order to find the spin content of the representation, we calculate the Pauli-
Lubanski 4-vector W:
d
WH = uapBy s ——. .
"D, qBaqy (3.5)
Making use of the following identity:
P e gy =—8% (8587, =878 ,) =8P, (6%.87,-87%8%,)
- 87,(8%8°,-6";8%,) (3.6)
one finds from (3.1) and (3.2)

~-W*W, =m’S(S+1)-¢° [mz-a—-—a——(p-—(l)z] (3.7)
99 9q dq
where
S=gq° 6—57; (3.8)
Thus, using (3.3) we have
Wf(p, q)=-m*S(S+1)f(p, q). (3.9)

The solutions in the rest frame are then polynomials in ¢, which satisfy Laplace’s
equation, as we explained above. This implies, in particular, traceless conditions on
the tensors involved.

For a general p we can write the polynomial solutions for given eigenvalues of S
straightforwardly:

$=0 f(p,q)=f(p)
S=1 fAp,9)=f.(p)g* f.(p)p* =0
§=2 flp9)=1.(p)g"q" fulp)p* =0 A (p)=0 etc.

Because of the one-to-one correspondence between the functions on the sphere
and the solutions to Laplace’s equation regular at the origin, the inner products of
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these functions are given by the integral over the unit sphere in the rest frame of p.
For general p this translates to

Jd“qs(r q)8(q*+1). (3.10)

3.2. Including half-integer spin

Wigner’s analysis left open the case of the double-valued representations of the Lorentz
group. To include them we consider complex-valued functions ¢ of two spinors 7, ¢
and their complex conjugates 7, £ subject to the following constraints:

né{=m
- E=m.
From (3.11) and (2.10) follows
<1‘70n+50§)2
2

(3.11)

=7 &)(n- &) =m. (3.12)

We therefore regard as 4-momentum the vector:

_ fion +éo¢
p= .

3 (3.13)

The easiest form for the spinors n and &, in the rest frame, p=(m, 0, 0, 0), due to the
constraint (3.11), is

1 0
n=(0)~/7n' g=(1) vm. (3.14)
Using such spinors we obtain the tetrad:
- + - - — -
17‘”72—5"§= m(1,0,0,0) ﬂz‘f—”f:m(o,o,o,l)
oz ) _ (3.15)
—”i’gzﬂkm(o, 1,0,0) ﬂf’—%@—%m(o, 0,1,0).

We define the Poincaré groupt action on ¢, corresponding to a translation by a and
a SL(2, C) transformation A, by

(fjon + éa¢)

> )w(A"n, AT AR, ATE). (3.16)

Lj(a,A)‘P(n’ f’ ﬁ’ E—) = exp (ia :
We introduce the scalar product:
(¢, w)=J dn d7 dg € 8(n- £-m)8(7i- E-m)e(n, &7, E)d(n, & 7, ) (3.17)

and consider the Hilbert space of functions ¢ such that

(¢, @) <co,

+ By Poincaré group in the following we actually mean the covering group of the Poincaré group.
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Manifestly the representation U defined by (3.16) is a unitary representation of the
Poincaré group on this space.

In order to classify the representation we calculate the invariant operator W?, We
calculate it in the rest frame p=(m,0, 0, 0).

The generators S; of rotations are given by

a - \A
=2i8; = (om)* —+(0:)" ——(m A —x-(66)" (3.18)
on* 3§
Notice that the generators S; are skew-Hermman, as expected, since we work with
a unitary representation. It follows that, in the rest frame, the three non-vanishing
components of the Pauli-Lubanski 4-vector W are

W B A A =B/ =
21m n%(0) s —z+£%(0.)"s E (6) s ——x- 85" aa§ (3.19)

The calculation of W? follows from (3.19) stralghtforwardly, but the large number
of terms that one gets does not suggest an easy interpretation of the differential operators
which appear in W? nor a simple way of determining the eigenfunctions of W2 A
better way of approaching the problem is to pass from the space of functions of #, 7,
¢, £ to one in which p appears explicitly as an independent variable. We notice that,
because of (3.13), the following Dirac-type equations hold:

(p*0.)4aé" = —(n" £)74
(P*ou)aan’ =+(n- H&.
This means that ¢ and 7 are, for a given p, not independent of ¢ and 7: for a fixed

p, one only has a function of two spinors, subject to the constraints (3.11)%.
We can therefore make the following change of variables:

(3.20)

n, 7 & E->p,p, ¢ (3.21)
where 7 and ¢ remain unchanged:
n=p £=¢ (3.22)

p(m, & 7, €) is given by (3.13) and the inverse transformations 7(p, p, ¢), &(p, p, {) are
given by (3.20).
The Jacobian of this coordinate transformation is easily evaluated and we get
a(p,p, 0
a(m, &, &)

Hence the real measure on the space of 7, ¢ 7, € can be expressed as follows:
dn dij d¢ dE 8(n- £—m)8(7- E~m)
dn d¢ ( p’ )
=4d*p - 8(n-&-m)d -m 3.24
Py g dn E-me (= (3.24)
where we have used the fact that p>=(n- £) (7 £), from (3.12).

Notice that by combining the two & functions we obtain the invariant measure on
the mass hyperboloid:

d*p 8(p>~m?)~d’p/2p,.

=:i(n- £)* (3.23)

tIf z is the complex number z=z,+iz,, z,, z, € R, z is considered to be independent of Z just like z, is
independent of z;, namely in a real structure (we always count real parameters, the measures are real, etc).



Relativistic wavefunctions on spinor spaces 3599

The remaining part contains four formally real variables linked by one constraint. We
get therefore a total of six parameters, one more than the number of parameters used
by Wigner in the construction of the integer spin representations. The extra parameter—
needed in order to build the half-integer spin representations—is due to the fact that,
in constructing a fixed 4-vector out of two spinors and their complex conjugates, we
can always change the spinors by a phase leaving the 4-vector invariant. This phase
does not appear in the integer spin representations, as Wigner built them, out of the
two 4-vectors p and q.

In order to show this explicitly let us switch from the set of variables 7, 7, &, £ to
a new set of independent variables which includes the vector p as well as a spacelike
4-vector q.

Let us take for g the vector:

g=TT1— 88 (3.25)
2
which satisfies
p-q=0
) (3.26)
qz — _pz

Because of the constraints (3.26) the number of degrees of freedom that g adds is only
two, say g, and g;. A convenient set of independent variables is the following:

P, q, ‘h,(")' g)a(ﬁ f_)’ ll’

Here we have introduced the new variables (7 - £) and (7 - £), which may be removed
by the 8 functions that appear in (3.24). Further:
1

-1
.M 7
=tan ‘i
¥ PI

(3.27)

is the extra parameter that we get compared with Wigner’s approach.
One can check that these new variables are independent and lead to a new integration
measure:

dndqdédé=d’pd(n: £) d(7- ) dg, dg, dy|J| (3.28)

where J is the Jacobian of the transformation.

In order to understand the meaning of the parameter ¢ and, in particular, why it
is needed in the spinorial case, consider the fact that we can obviously change n by
a phase ¢ and £ by a phase ¢ without affecting p and g; but in order to leave 7 - £
and 7 £ unchanged we must have ¢ = —¢. Therefore there is only one extra degree
of freedom in the space of the spinors with respect to the space of the 4-vectors p and q.

Including the half-integer spin representations corresponds, from the point of view
of the group, to going from the Lorentz group to its double cover SL(2, C). Accord-
ingly, we can give a geometrical interpretation of the covering homomorphism by
means of the parameter .

The geometrical description of the Lorentz group, for massive (integer spin) rep-
resentations, is that of a hyperboloid (the massive orbit) with a 2-sphere attached to
each point. The sphere represents the rotation group, leaving a fixed point on the
hyperboloid stable, in the space of functions of p and g. The eigenfunctions of W?
corresponding to a fixed eigenvalue can be labelled to give the number of degrees of
freedom of a fixed integer spin particle.
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By including the parameter ¢, we are adding a circle to each point of the sphere
on the mass hyperboloid. To see how this affects the representation let us calculate
W?2. We shall consider that part of W* which involves ¢. If we make the calculation
in the rest frame, p=(m, 0, 0, 0), we need to know only the transformation of ¢ under
SU(2). It is possible to show, using the definition (3.27), that the (skew-Hermitian)
generators of rotations S,, S,, S,, in the space of functions of q,, g5, ¥ restricted to
Y are

9
Sx—2rlsm(x w)w
S, =22 cos(y - ¥) — (3.29)
Y2 X e, ’
138
S, =~ —
Xy
wheret
_’-’2_"2
ry= (7 n""? rn=(7'n"H"? x=tan"'i—5—>5.
N+t

Since W2 is an invariant we can consider the frame in which the component »° of the
spinor n vanishes, and still p=(m, 0,0, 0). In this case S, and S, vanish and we find

16\ -i 8
W2=_ 2(_ ___) = Zs2 = 3.30
" \2ap) " 2 59 (3.30)
The eigenfunctions of the operator S with eigenvalue s are
f() =exp(i2sy) (3.31)

where 2s has to be an integer because of the definition of ¢. We see therefore that
the introduction of ¢ allows us to add half-integer spin representations to the integer
spin ones defined by Wigner. We also get the usual integer spin representations
corresponding to integer values of s in (3.31), but for a fixed s we get different, although
equivalent, representations, as we shall discuss later.

To investigate on the content of our representation let us go back to the space of
p, m, €%, defined by equations (3.21)-(3.24). In the space the calculation of W is
easier since, having explicit expressions in p, we may calculate in the rest frame. We
thus get

W2 =m[S(S+1)+ V] (3.32)
where
. 9 8) ‘( A9 .8 6)
=z —t e — ) =2 —_— —
N z(n on ¢ ae) S\ 5 ¢ YT (3.33)
and
J 0 d <]
V=p - é— - —= A _
n §577 Y n §Aans 6§B (3.34)

1 The algebra of the operators (3.29) does not close because we are not considering the transformations of
g, and g;.
i We identify n with p and ¢ with ¢, whenever this does not cause confusion.
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Both operators S and V are explicitly invariant and we now show that both are
Hermitian. In order to check this, one can just check the hermiticity of S, since w?
is Hermitian by definition. If one works with the variables p, n, £ one has to rewrite
the conjugate of the spinors in terms of these variables in order to find what the adjoint
of S is. A better procedure is to write the expression of S in the space of variables 7,
& 7, £ since in this space one gets

i B S - 8 59

S—z<n an+§ YA A 3 aé) (3.35)
which is explicitly Hermitiant. Therefore we have proved that both operators S and
V are indeed Hermitian.

The eigenfunctions of W? are in general difficult to analyse. Two particular
simplifications, however, enable us to obtain explicit solutions (including those of
Wigner). We now restrict our attention to two subspaces of our Hilbert space, on
which either one of the operators V and S is a null operator.

(i) Let us consider the subspace of functions of the variables p, , ¢ which do not
depend on & This is a particular case of functions of our carrier space which satisfy
the relativistic invariant equation Vf=0:

3 8
n'fgg'a_é;f(P, n, £)=0. (3.36)

The eigenfunctions of S (and hence of W? for the case of vanishing V) are
homogeneous polynomials in % and £ If they do not depend on ¢£&—and analogously
if they did not depend on n—we get

§$=0 f(p,m, E)=¢(p)
S:: f(P, 7’9 §)=11/A(P)"7A
$=1 £, m, €)=xas(p)nn® Xap symmetric in A and B etc.

[S1E

The integer spin representations obtained by Wigner on the space of functions of
p and q are not included in this case. We shall examine them now.

(ii) Let us consider the subspace of functions of the variables p, n, £ which depend
only on p and g, where g is the vector (3.25). In order to write q explicitly in terms
of the variables p, 7, £ we use equations (3.20) and find that

C_B

v £ b 1A

q =T7cs Tcp=3€
n-§

The operator S identically vanishes when acting on g because the operators n * 3/d7n

and &-8/3¢ separately vanish on g. In fact

A0 v e DCEOR( O =,
an* ° (n- &)

Bp* (T u5c0 st O Lpp0hic). (3.37)

0 (3.38)

and analogously for ¢ 9/8¢.

t The space of 7, 7, & £ is much easier to work with for what concerns the reality and invariance of the
integration measure and the hermiticity of the operators. In this respect it is the most natural space for the
representations of SL(2, C) acting on a space of complex-valued functions.
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Therefore the action of the operator W? on the functions defined only on the
variables p and q is just the action of the operator V. Since V can also be written in
the following way:

g 9 4 9
Vel — —=2+ —_—t— 7" 3.39
K §A57)B a¢® 5 e f 37)A 5§An ¢ ( )

we can use (3.38) and the analogue for ¢-9/3¢, and write

V)= (245 52 €) 10 (3.40)

Let us consider the action of the operator V on the polynomials in g:

v, Vo) = _a_i R 1-s . s vy v,
Vig*...q"%) <2+ama§A(n £ (n f))q o q

=(2+a—a—(s—1)m —(n- 6" A(n é)) ..q”
Na 3Ma

=(2+26-D-0-9)n- 076 s - 6

£

2]
+(n- E)"‘gf;-a?(n’ g)S) 4" ... q"

=s(s+1)g”...q"+ Z Y 2(p*gv-p*)y 1 g™ (3.41)
i=1j>i k=ik#j
where g"* is the Minkowski metric tensor.
We consider functions f,, , (p)g™...q" satisfying

Lo p P —m?g") =0,

These functions can also be considered transverse to p, since g is transverse (see (3.37)).
The new condition then implies that they also be traceless.

We thus find the same result as in the integer spin case, that the eigenfunctions of
W? with eigenvalue s(s+1) are functions of p times a polynomial in g of order s:

$=0 f(p,q)=f(p)
§=1 fp,9)=1.(p)g" fu(p)p* =0
§=2 f(p, q)=f..(p)g"q" fu(p)p'=0 £4(p)=0 etc.

These are the functions found by Wigner.

As we already mentioned before, we get more than one realisation of the representa-
tion corresponding to a fixed S, as explicitly shown in cases (i) and (ii) above for
S =1. We can easily make an analogy with the covariant representations, namely the
representation U® having, as carrier space, the space of functions of p taking values
in the carrier space of the representation D of SL(2, C). The integer spin representation
studied by Wigner correspond to the representations U”""; the representatnons we
add, through the parameter ¢, correspond to the representatlons ub” , With [, m, n

integer or half-integer. The representations U”"" and U D™ are equlvalent whenever
2n=1]+m,
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For $=1 the representation found in case (i) corresponds to the representation
UP" and the one found in case (ii) to the UP". The representations UP'" and U
are equivalent since both correspond to the representation induced by D' of SU(2).
Notice that the equivalence of our representations, in the case S =1, is quite obvious
if we write g explicitly in terms of n and £ using (3.37). In fact

C_B

fV(P)qV=fp(P)T”cs%EKCB(P)§CnB (3.42)

where kcp(p) is symmetric in C and B just like y,5 in case (i). The equivalence of
the representations can be easily shown through the correspondence between « and y.

4. Massless case

4.1. Integer helicity

Again we will begin by reviewing Wigner’s technique for describing the integer helicity
massless representations before extending it to include half-integer helicities. In
particular, Wigner focuses [5] his attention on the infinite spin representations, which
do not correspond to states of particles having a fixed integer helicity, since the
eigenvalue of the angular momentum operator can extend to infinity. These representa-
tions, in fact, once restricted to the little group, are not one-dimensional unitary
representations, as in the case of the representations of fixed (finite) helicity, but
infinite-dimensional unitary representations.

The values of the invariant operators P* and W2, in an infinite spin representation
are 0 and =, respectively, for = # 0. Hence they are denoted as 0(Z). In the case of
the representations of finite helicity, these eigenvalues are instead both 0.

In order to build the 0(E) representation let us consider, as in the massive case,
the space of complex-valued functions f(p, ) depending on the momentum p and on
another 4-vector g. We now impose the following constraints?:

pf(p,g)=0 (4.1)
P qf(p,q)=0 (4.2)
*f(p,q)=—f(p,q). (4.3)

The Lorentz group acts on the space of such functions by transforming the two 4-vectors
p and g. In order to find the helicity content of the representation, we calculate the
Pauli-Lubanski 4-vector W. We find, as in the massive case,

0
WH = nafy Js—— 4,
AR N 3q" (4.4)
but, this time, W? has a simpler expression, since we get
, d
WEw, =8° where S=ip* aq—“ (4.5)

One therefore obtains the 0(Z) representation through the equation:
. 9 —
Sf(p,q)=1p“;;:f(p, 9)=Zf(p, q). (4.6)

T Because of these constraints, the measure with respect to which the function f is square integrable is
formally written as d*q d*p 8(p*)8(p- q) 8(g*+1).
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In the rest frame, namely for p =(p° 0,0, p°), the constraints on p and q confine
q to the surface of a cylinder, whose axis is along p. Therefore f is constrained on
the surface of a cylinder, moved around by a Lorentz transformation. An analogous
analysis can be made for the finite helicity representations.

4.2. Including half-integer helicity

The massless representations of SL(2, C) on the space of functions of spinors are
extremely simple and make one really appreciate the advantage of working on such
spaces.

We consider complex-valued functions ¢ of just one spinor n and its complex
conjugate 7.

Since (7jon)* =0, we regard p = (7jon) as 4-momentum.

We define the Poincaré group action on ¢, corresponding to a translation by a and
a SL(2, C) transformation A, is given by

Uaaye(n, 1) =explia- fon)e(A™'n, A7'H). (4.7)

We introduce the scalar product:

(o, ¢')=J’ dn d7j ¢(n, M)¢(n, 7). (4.8)

Again the Hilbert space of functions ¢ is taken to consist of those functions ¢ such that

(¢, p) <.

One may verify that the representation U defined by (4.7) is a unitary representation
of the Poincaré group.
Since no invariant can be made out of n and 7 we cannot impose any constraint.
In the frame p=(1,0,0,1) we have

_ [expliy)
n—( N ) (4.9)

where ¢ is a free parameter. Because of (4.9) the four components of p are not
independent functions of » and %. Hence we cannot transform the measure dn d7

into the measure d*p. We can however define, as for the massive case,
~1 1
y=tan”'i T_Il 77]
7+

(4.10)

and find that the Jacobian of the transformation from the space of 7, 7 to the space
of p (3-vector) and ¢ does not vanish. We get, in fact

R
2|p|

On the rHs of (4.11) we find precisely the invariant measure on the light cone times
the differential of the parameter .

In the frame p=(1,0,0,1) (and so 7 given by (4.9)) the SL(2, C) action on ¢
reduces to a rotation S, about the z axis. This rotation is also an element of the
stability group of p.

dndij==—d’p dy. (4.11)
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In the massless case W~ is the sum of the squares of the two translation generators
of the little group, calculated in the frame p = (1, 0,0, 1). A straightforward evaluation
of these generators shows that W?=0 in our representation. Further

s=—2 (4.12)
2 3¢

assumes the meaning of helicity operator (for the expression of S, see § 3.2}, with
eigenfunctions

J(p, ¥) = g(p) exp(i2s¢) 2s=0,1,2,.... (4.13)

If we consider the geometrical interpretation of the massless representations, as
we have done in the massive case, we see that there is no difference here between the
integer and half-integer representations. In both cases we just need an extra parameter,
representing the rotations around the z axis, to get the helicity states. This should
cause no surprise: the number of degrees of freedom for a massless particle is 1, no
matter what its helicity is. Analogous to the massive case where the little group acted
on a 2-sphere we now consider action on a cylinder whose axis lies along the momentum
p. The only symmetry which counts, though, is the rotation of the cylinder around
the z axis, since the translations by a vector proportional to p are to be gauged out
because of unitarity (they would lead to null norm vectors in the Hilbert space). In
our representations we just count the minimal number of parameters needed in order
to describe a massless particle and no gauge condition has to be imposed.

Going back to the space of n and 7, which is a most natural space to work with
in the massless case, we can calculate W? directly and we find, in the frame p = (1,0, 0, 1)

W?=SS§ where S=n*—. (4.14)

Since in this frame n° =0, it follows that W?=0. The expression for S, is

Sz=%<n‘ain]—n26—:—2—ﬁié—j_?+ﬁia—;—5). (4.15)
Hence the helicity states obviously are
$=0 e(n, 1) = e(fon)
§=3 ¢(n, )= @alfion)n*
S=1 o(n, 1) = @ap(fon)n?n® ©4p Symmetric in A and B etc.

The case in which the carrier space of the representation is a space of functions
of 7 and 7 is, as we have shown, the simplest and the most natural to work with, in
order to get the finite helicity representations of the Poincaré group. We could have
worked, however, with functions of 7, ¢, 9, £ as well, in analogy with the massive case,
and impose the constraint - £=0. We would have found, in particular, the infinite
spin representations described by Wigner. We showed only the present formulation
because of its simplicity and elegance.
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5. Imaginary mass case

5.1. Integer spin

We now examine the case in which p?= —m?, for real m; as customary we call this
the imaginary mass case. We will also speak of spin in the present case, even though
this is not quite appropriate. The operator W?, in fact, is no longer related to the
angular momentum generators, as in the massive case, but rather to one generator of
rotations and two generators of boosts. Nevertheless the eigenvalues of W? are still
of the form —m?*[s(s+1)] and we give such s the name of spin.

We consider the representation of the Poincaré group acting on the space of
complex-valued functions f(p, g) depending on the momentum p and on another
translationally invariant 4-vector g, satisfying the following constraints:

(p*+m)f(p,q)=0 (5.1)
p af(p,g)=0 (5.2)
q’f(p, q) =0. (5.3)

Notice that in the present case we can have a vector g satisfying both p- g=0 and
g*> =0, which turns out to be a very convenient choice. In the massive case this was
not possible, since a vector orthogonal to a timelike vector cannot be light-like.

The Lorentz group acts on the space of such functions by transforming, in the
usual way, the two 4-vectors p and g. The inner product (f, g) is given by

3] =J d*p d*qs(p*+m?)8(p- 9)8(¢*)f(p, 9)g(p, q). (5.4)

The calculations of the invariant W using equations (3.5) and (3.6) is straightfor-
ward and the result is simpler than in the massive case because g° = 0. One finds, from
(5.1)-(5.3),

) 3
-WHW, =m S(S+1) S=q“a—ﬁ. (5.5)

q
The eigenfunctions of the operator W? are the eigenfunctions of the operator S.

Hence they are polynomials in g times a function of p.
For a given eigenvalue of S we thus get

§=0 fp, q)=f(p)
S=1 flp,q)=f.(p)g*" £.(p)p* =0
§$=2 fp.9)=1.(p)g"q" fu.(p)p*=0 £l (p)=0 etc.

These eigenfunctions are not in the Hilbert space carrying our representation: they
are not normalisable in the inner product (5.4), since the integration is over the
non-compact manifold spanned by q. This means that the values indicated above are
in the continuous spectrum. There is no eigenfunction in the Hilbert space but there
exist approximate eigenfunctions f such that, given e >0, | Vf —s(s + 1)f] < ¢||f]|. Such
approximate eigenfunctions can be considered like the wavepackets, which are approxi-
mate eigenfunctions of the momentum operator in configuration space.
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5.2. Including half-integer spin

We now include half-integer spint representations for the imaginary mass case. We
consider complex-valued functions ¢ of two spinors 7, £ and their complex conjugate
7, £ subject to the following constraints:

. — m
e (5:6)
7 &=m.
From (5.6) and (2.10) it follows that
- z 2
a1 — ET -
(1’—35—5—5) = (i O(n- §)=-m (5.7)
We therefore regard as 4-momentum the vector:
, - don=fot (5.8)
2
When 7 and ¢, in a particular frame, assume the values
1 0
n=(0>m §=(1)\/’r§ (5.9)

then p=(0, 0,0, m), due to the constraint {5.6).
We define the Poincaré group action on ¢, corresponding to a translation by a and
a SL(2, C) transformation A, by

Ui (1, & 7, €)= exp(ia : Qz%g—ag-))so(z‘%"n, AT AT, ATNE). (5.10)
We introduce the scalar product:

(¢, %) =J dn dif d§ A€ 8(n - £~m)8(5- E-m)e(n, & 7, E)d(n, & 7, §). (5.11)
We define the Hilbert space of functions ¢ such that

(¢, p) <.
Again the representation U defined by (5.10) is a unitary representation of the Poincaré
group.
In order to classify the representation we calculate the invariant W?. We proceed

the same way as we did in the massive case. First, we make the following change of
variables:

n 9 & E>p,n, & (5.12)

We then calculate W? in the frame in which p=(0,0,0, m). In this rest frame, the
three non-vanishing components of the Pauli-Lubanski 4-vector W are

. 9 . 9
Wo=—m ((%w'm)A 5;;+ Gio.£)" ——)

3¢
W,=—m ((—la A=t (1o g)*‘—"—) (5.13)
2y anA 22Uy 6§A .
3
W,=-m ((%0'277)"(;’7*'(%0)‘6)"%%).

T Namely half-integer s such that the eigenvalue of the operator W2 is —m? [s(s+1)].
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Notice that, in the frame in which p=1{(0, 0,0, m), the Pauli-Lubanski 4-vector is
written in terms of two boost generators (in the x and y directions) and the generator
of the rotations around the z axis. We can therefore easily compare the Pauli- Lubanski
vectors in the present case and in the massive case. It turns out that, in terms of the
components appearing in equations (5.13), the Pauli-Lubanski vector in the imaginary
mass case is W=(W° W' W?0) while in the massive case it is W=
(0,iW?, —iW', W°. We thus find that W?, in the two cases, differs only by a sign.
Therefore

Wi=-m*[S(S+1)+ V] (5.14)
where
1 3 a) 1( A g B a)
=4 ——t e —— = —_—t —— 5. 5
S z("'l an 3 y: 2\m ‘977A 3 af” (5.15)
and
A 0 9
e = _ 5.16
n fa y: n AanBagB ( )

Both operators S and V are explicitly invariant and both are Hermitian, as we have
shown in the massive case. Proceeding as we did in the massive case and restricting
our attention to subspaces of our Hilbert space, for which either one of the operators
V and S is a null operator, we find simple forms for the eigenfunctions of W2,

(a) First, consider the subspace of functions of the variables p, 5, £ which do not
depend on ¢ The eigenfunctions of W? are therefore homogeneous polynomials in
1. Hence we obtain

§=0 f(p,m, €)=0(p)
f(pom, &) =va(p)n?
1 F(p,m, &) =xas(p)n*n® Xas symmetric in A and B etc.

LS

S
S

The integer spin representations that we found in the preceding subsection, which
act on the space of functions of p and g only, are not included in this case. We shall
examine them now.

(b) Let us consider the subspace of functions of the variables p, n, ¢ which depend
only on p and g, where ¢ is the vector:

g=Xa+&a(n+§) (5.17)
which satisfies both
p-q=0 and q>=0. (5.18)

In order to write g explicitly in terms of the variables p, 7, & we use the following
equation:

PYouis(n+ 6P =—(n )(H+E)a (5.19)
We thus find

e . M+ (n+ 8"
=7TcB— .,
n§

v o1 AB _u X v
Tcp=3E P OupcTaB- (5.20)
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The operator S vanishes identically when acting on g, even though the operators
n-d/dn and ¢ 9/¢ do not separately vanish on g. Therefore the action of the operator
W? on functions depending only on the variables p and q is given just by the action
of V. Moreover, since V can also be written in the following way:

9 _ A8 .40 .8 3

2+ FEN S —
aBag Py 'gag" oma 3
and since S vanishes, when actmg on functions of g only, we get

Vf<q)=(2 2 agm f)f(q) (5.22)

V=ntta— —ané (5.21)

Let us now consider the action of the operator V on polynomials in g. The
calculation is easier if we make the following change of variables:

néra=nt§B=n—§& (5.23)
We have that
a- B=-n§
a d 4 a
aaAaﬁ" B 3 AéfAT’ £
(5.24)

<]

. =0
aBAa Bq
o -
AaaAq q'

From (5.24) it follows that

aﬁ — (e B)g"...q"=0 (5.25)
and

=<2+aaA p* B) a

=(2+5_Aa73—(“ B (e -ﬁ)s>q"*---q”’

=(2+8aA s—1 aA) g ... q" (5.26)

3
2+2(s—D+(s—1 |
( (s=1)+(s )aAaa)q - q

=s(s+1)g"...q"

The eigenfunctions of W? with eigenvalue s(s+1) are functions of p times a
polynomial in g of order s:

§=0 f(p,9)=5(p)

S=1 fp,9)=f.(p)g*

§=2 fp,9)=f..(p)g"q" etc.
We thus find the same result as in the integer spin case.
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6. Conclusions

We have found here a uniform description giving wavefunctions for free particles
belonging to all irreducible representations of the covering to the Poincaré group.

The usual description in terms of spinor or tensor fields for the massive case can
be readily recovered from our formalism by considering functions which are finite
polynomials in a subset of our variables. This suggests that an alternative approach
to ours could be followed using Grassmann variables [8]. We are currently investigating
such an approach.

For the massless case, except for simple helicity states, there is no tensor formulation.
By contrast, our uniform approach works just as easily for the massless as well as for
the massive case. Similarly, aside from scalar tachyons, there is no spinor field
representation for tachyonsft.

An important question to investigate is how to construct interactions in this formal-
ism. Such a discussion is essential if one wishes to argue seriously about the existence
of non-scalar tachyons.
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